Abstract. For an integral domain D and a star operation * on D, we study the following condition: whenever I ⊇ AB with I, A, B nonzero ideals, there exist nonzero ideals H and J such that I
is called a star operation on D if * satisfies the following three conditions for all 0 = a ∈ K and all I, J ∈ F (D):
(1) D * = D and (aI) * = aI * , (2) I ⊆ I * and if I ⊆ J, then I * ⊆ J * , (3) (I * ) * = I * . An ideal I ∈ F (D) is called a * -ideal if I = I * . For all I, J ∈ F (D), we have (IJ) * = (I * J) * = (I * J * ) * . These equations define the so-called * -multiplication. If {I α } is a subset of F (D) such that ∩I α = 0, then ∩I * α is a * -ideal. Also, if {I α } is a subset of F (D) such that I α is a fractional ideal, then ( I α ) * = ( I * α ) * . The star operation * is said to be stable if (I ∩ J) * = I * ∩ J * for all I, J ∈ F (D). If * is a star operation, the function * f : F (D) → F (D) given by I * f = ∪ H H * , where H ranges over all nonzero finitely generated subideals of I, is also a star operation. The star operation * is said to be of finite character if * = * f . Clearly ( * f ) f = * f . Denote by M ax * (D) the set of maximal * -ideals, that is, ideals maximal among proper integral * -ideals of D. Every maximal * -ideal is a prime ideal. The * -dimension of D is sup{n | 0 ⊂ P 1 ⊂ · · · ⊂ P n , P i prime * -ideal of D}. Assume that * is a star operation of finite character. Then every proper * -ideal is contained in some maximal * -ideal, and the map I → I * = ∩ P ∈Max * (D) ID P for all I ∈ F (D) is a stable star operation of finite character, cf. [6, Theorems 2.4, 2.5 and 2.9]. Moreover, * is stable if and only if * = * , cf. [3, Corollary 4.2] . A * -ideal I is of finite type if I = (a 1 , ..., a n ) * for some a 1 , ..., a n ∈ I. A Mori domain is a domain whose t-ideals are of finite type (see [13] ). By [27] , an integral domain is said to be a TV domain if every t-ideal is a v-ideal. A Mori domain is a TV domain.
A fractional ideal I ∈ F (D) is said to be * -invertible if (II −1 ) * = D, where I −1 = (D : I) = {x ∈ K | xI ⊆ D}. If * is of finite character, then I is * -invertible if and only if II −1 is not contained in any maximal * -ideal of D; in this case I * = (a 1 , ..., a n ) * for some a 1 , ..., a n ∈ I. Let * 1 , * 2 be star operations on D. We write * 1 ≤ * 2 , if I * 1 ⊆ I * 2 for all I ∈ F (D). In this case we get (I * 1 ) * 2 = I * 2 = (I * 2 ) * 1 and every * 1 -invertible ideal is * 2 -invertible. Some wellknown star operations are: the d-operation (given by I → I), the v-operation (given by I → I v = (I −1 ) −1 ) and the t-operation (defined by t = v f ). The w-operation is the star operation given by I → I w = {x ∈ K | xH ⊆ I for some finitely generated ideal H of D with H −1 = D}. The w-operation is a stable star operation of finite character. For an integrally closed domain D, the b-operation on D is the star operation defined by I → I b = ∩ V IV where V runs in the set of all valuation overrings of D (see [24, Page 398] ). For every I ∈ F (D), we have [21] that an integral domain D is said to be * -Dedekind if every nonzero fractional ideal of D is * -invertible. A domain D is called a Prufer * -multiplication domain (P * MD) if every nonzero finitely generated ideal of D is * f -invertible (see [22] ). For the general theory of star operations we refer the reader to [24, Sections 32 and 34] .
We introduce the key concept of this paper. Definition 1.1. Let * be a star operation on D. We say that a domain D is a * -sharp domain if whenever I, A, B are nonzero ideals of D with I ⊇ AB, there exist nonzero ideals H and J such that I * = (HJ) * , H * ⊇ A and J * ⊇ B.
The d-sharp domains are just the sharp domains studied in [2] . If * 1 ≤ * 2 are star operations and D is * 1 -sharp, then D is * 2 -sharp (Proposition 2.2). In particular, if * is a star operation, then every sharp domain is * -sharp and every * -sharp domain is v-sharp. A t-sharp domain is v-sharp but the converse is not true in general (Remark 2.8).
In Section 2, we study the * -sharp domains in general. In this new context, we generalize most of the results obtained in [2] . For * ∈ {d, b, w, t}, every fraction ring of a * -sharp domain is * -sharp (Proposition 2.2). Every * -Dedekind domain is * -sharp. 
where c(f ) is the ideal generated by the coefficients of f . Let D be a t-sharp domain. Throughout this paper all rings are (commutative unitary) integral domains. Any unexplained material is standard, as in [24] , [26] .
* -sharp domains.
In this section we study the * -sharp domains for an arbitrary star operation * (see Definition 1.1). We obtain * -operation analogues for most of the results in [2] .
Proof. (a). Apply Proposition 2.1 for S = {1}, * = * 1 and ♯ = * 2 . (b). By Proposition 2.1, it suffices to show that I * ⊆ (ID S ) * for each nonzero ideal I of D. This is clear for * = d and true for * = t, cf. [28, Lemma 3.4] . Assume that x ∈ I w . Then xH ⊆ I for some finitely generated nonzero ideal
In [2, Theorem 11] , it was shown that a sharp domain is a Prufer domain of dimension at most 1. We extend this result. Proof. Let I, A, B be nonzero ideals of D such that I ⊇ AB. Set H = I + A and
For the "in particular statement", recall that the t-Dedekind domains are the Krull domains, cf. [29, Theorem 3.6].
Proposition 2.5. Let D be a domain and * a star operation on D such that D is * -sharp. Then I v is * -invertible for each nonzero ideal I.
Proof. Let I be a nonzero ideal of D and x ∈ I − {0}. Then I(xI −1 ) ⊆ xD. Since D is * -sharp, there exist H, J ideals of D such that H * ⊇ I, J * ⊇ xI −1 and xD = (HJ)
* . Hence H is * -invertible and we get In the next lemma we recall two well-known facts.
Lemma 2.9. Let D be a domain, * a star operation on D and
The next result generalizes [2, Proposition 10]. 
Proof. Let K be the quotient field of D. Changing I by I v and J by J v , we may assume that I, J are * -invertible v-ideals, cf. Proposition 2.5. Since (I+J) 2 ⊆ I 2 +J and D is * -sharp, there exist two nonzero ideals A, B such that (I 2 + J) * = (AB) * and I +J ⊆ A * ∩B * . We claim that (I 2 +J) * : I = (I +J) * . To prove the claim, we perform the following step-by-step computation. First, (I 2 + J)
* by modular distributivity. Since I is * -invertible, we get (I +(JI −1 ∩D)) * = (I +I −1 (J ∩I)) * , cf. Lemma 2.9. Using the fact that I is * -invertible (hence v-invertible) and Lemma 2.9, we derive that (
* . Putting all these facts together, we get (I 2 + J) * : I ⊆ (I + J) * and the other inclusion is clear. So the claim is proved. From (I 2 + J) * = (AB) * , we get
* where we have used the fact that * is stable and the modular distributivity. By Lemma 2.9, we have I ∩ J ⊆ (IJ) v , so we get
Note that from Proposition 2.10 we can recover easily [2, Proposition 10]. Next, we give another extension of [2, Theorem 11] (besides Proposition 2.3).
Proposition 2.11. Let D be a domain and * a stable star operation on D such that D is * -sharp. Then every finitely generated nonzero ideal of D is * -invertible.
Proof. Let x, y ∈ D − {0}. By Proposition 2.5, the ideal I = (xD + yD) v is * -invertible (hence v-invertible), so (xI
By Proposition 2.10 we get (xI
* because I is * -invertible. Thus every two-generated nonzero ideal of D is * -invertible. Now the proof of [24, Proposition 22.2] can be easily adapted to show that every finitely generated nonzero ideal of D is * -invertible. Proposition 2.14. Let D be a contable domain and * a finite character star operation on D such that D is a P * MD and I v is * -invertible for each nonzero ideal I of D. Then every nonzero element of D is contained in only finitely many maximal * -ideals.
Proof. Deny. By [19, Corollary 5] , there exists a nonzero element z and an infinite family (I n ) n≥1 of * -invertible proper ideals containing z which are mutually * -comaximal (that is, (I m + I n ) * = D for every m = n). For each nonempty set Λ of natural numbers, consider the v-ideal I Λ = ∩ n∈Λ I n (note that z ∈ I Λ ). By hypothesis, I Λ is * -invertible. We claim that I Λ = I Λ ′ whenever Λ, Λ ′ are distinct nonempty sets of natural numbers. Deny. Then there exists a nonempty set of natural numbers Γ and some k / ∈ Γ such that I k ⊇ I Γ . Consider the ideal H = (I −1
* . Since I Γ is * -invertible, we get I k = D, a contradiction. Thus the claim is proved. But then it follows that {I Λ | ∅ = Λ ⊆ N} is an uncountable set of * -invertible ideals. This leads to a contradiction, because D being countable, it has countably many * -ideals of finite type. By [34] , a domain D is called a pre-Krull domain if I v is t-invertible for each nonzero ideal I of D (see also [30] where a pre-Krull domain is called a (t, v)-Dedekind domain). 
and P t ⊇ BJ −1 . Summing up, we get Remark 3.8. Notice that we do not have a "d-analogue" of Proposition 3.7 because a sharp domain has dimension ≤ 1 (see [2, Theorem 11] We end our paper with a (partial) power series analogue of Proposition 3.9. A lemma is in order. ⊆ (a 1 , . .., a n ) v ⊆ I t , so I t = D, a contradiction. As F is a flat E-module and every proper ideal of E extends to a proper ideal of F , it follows that F is a faithfully flat E-module, cf. [12, Exercise 16, page 45]. In particular, HF ∩ E = H for each ideal H of E. By Proposition 3.11, every ideal of F is extended from D and hence from E because D ⊆ E ⊆ F . Combining these two facts, it follows that the extension map I → IF is a bijection from the set of ideals of E to the set of ideals of F .
